Abstract. In this paper, we obtain some applications of first order differential subordination and superordination results for higher-order derivatives of p-valent functions involving certain linear operator. Some of our results improve and generalize previously known results.
Introduction
Let H (U ) be the class of analytic functions in the open unit disk U = {z ∈ C : |z| < 1} and let H [a, p] be the subclass of H (U ) consisting of functions of the form: 1] . Also, let A (p) be the subclass of H (U ) consisting of functions of the form:
For simplicity H[a] = H[a,
(1.2) f (z) = z p + ∞ ∑ k=p+1 a k z k (p ∈ N = {1, 2, .
. .}) .
which are p-valent in U. If f , g ∈ H (U ), we say that f is subordinate to g or f is superordinate to g, written f (z) ≺ g(z) if there exists a Schwarz function ω, which (by definition) is analytic in U with ω(0) = 0 and |ω(z)| < 1 for all z ∈ U, such that f (z) = g(ω(z)), z ∈ U. Furthermore, if the function g is univalent in U, then we have the following equivalence (cf., e.g., [6] , [9] and [10] ): f (z) ≺ g(z) ⇔ f (0) = g(0) and f (U ) ⊂ g(U ). Let ϕ : C 2 × U → C and h (z) be univalent in U. If p (z) is analytic in U and satisfies the first order differential subordination: [10] , Bulboaca [5] considered certain classes of first order differential superordinations as well as superordination-preserving integral operators [6] . Ali et al. [1] , have used the results of Bulboaca [5] to obtain sufficient conditions for normalized analytic functions f ∈ A (1) to satisfy:
where q 1 and q 2 are given univalent functions in U with q 1 (0) = q 2 (0) = 1. Also, Tuneski [15] obtained a sufficient condition for starlikeness of f ∈ A (1) in terms of the quantity
Recently, Shanmugam et al. [14] obtained sufficient conditions for the normalized analytic function f ∈ A (1) to satisfy
and
{f (z)} 2 ≺ q 2 (z). They [14] also obtained results for functions defined by using Carlson-Shaffer operator [7] , Ruscheweyh derivative [12] and Sȃlȃgean operator [13] .
Upon differentiating both sides of (1.1) j-times with respect and to z, we have
and (in general)
From (1.7), we can easily deduce that
) was introduced and studied by Aouf [2, 3] where
was introduced by Kamali and Orhan [8] and Aouf and Mostafa [4] ;
(ii) the differential operator
was introduced by Sȃlȃgean [13] .
In this paper, we will derive several subordination results, superordination results and sandwich results involving the operator D n p f (j) (z).
Definitions and preliminaries
In order to prove our subordinations and superordinations, we need the following definition and lemmas.
Definition 1 ([10]
). Denote by Q, the set of all functions f that are analytic and injective on U \E(f ), where
and are such that f ′ (ζ) ̸ = 0 for ζ ∈ ∂U \E (f ).
Lemma 1 ([10]
). Let q (z) be univalent in U and θ and φ be analytic in a domain D containing q(U ) with φ (w) ̸ = 0 when w ∈ q(U ). Set
Suppose that
Taking θ (w) = αw and φ (w) = γ in Lemma 1, Shanmugam et al. [14] obtained the following lemma.
If p (z) is analytic in U , and
αp (z) + γzp ′ (z) ≺ αq (z) + γzq ′ (z) , then p (z) ≺ q (z) and q (z) is the best dominant.
Lemma 3 ([5]). Let q (z) be convex univalent in U and ϑ and ϕ be analytic in a domain D containing q(U ). Suppose that
(i) ℜ { ϑ ′ (q(z)) ϕ(q(z)) } > 0 for z ∈ U , (ii) Ψ (z) = zq ′ (z) ϕ (q (z)) is starlike univalent in U . If p(z) ∈ H[q(0), 1] ∩ Q, with p(U ) ⊆ D, and ϑ (p (z)) + zp ′ (z) ϕ (p (z)) is univalent in U and (2.4) ϑ (q (z)) + zq ′ (z) ϕ (q (z)) ≺ ϑ (p (z)) + zp ′ (z) ϕ (p (z)) ,
then q(z) ≺ p(z) and q (z) is the best subordinant.
Taking ϑ (w) = αw and ϕ (w) = γ in Lemma 3, Shanmugam et al. [14] obtained the following lemma.
Lemma 4 ([14]). Let q (z) be convex univalent in
then q (z) ≺ p (z) and q (z) is the best subordinant.
Sandwich results
Unless otherwise mentioned, we assume throughout this paper that p > j; p ∈ N and n, j ∈ N 0 . Theorem 1. Let q (z) be univalent in U with q(0) = 1, and γ ∈ C * . Further, assume that
If f ∈ A (p) satisfy the following subordination condition:
and q (z) is the best dominant.
Proof. Define a function p (z) by
Then the function p (z) is analytic in U and p(0) = 1. Therefore, differentiating (3.3) logarithmically with respect to z and using the identity (1.8) in the resulting equation, we have
Therefore, Theorem 1 now follows by applying Lemma 2. □ Putting q(z) = 1+Az 1+Bz (−1 ≤ B < A ≤ 1) in Theorem 1, we obtain the following corollary.
If f ∈ A (p) satisfy the following subordination condition: 
and q (z) is the best dominant. 
is univalent in U , and the following superordination condition
and q (z) is the best subordinant.
Taking q(z) = 
is univalent in U , and
holds, then
and q 1 (z) and q 2 (z) are, respectively, the best subordinant and the best dominant.
Remark 3. Taking n = j = 0 and p = 1 in Theorem 3, we obtain the sandwich result of Shanmugam et al. [14, Corollary 3.3] .
